The anharmonic frequency shifts of the phonons in monolayer solids of Ar/Pt͑111͒ and commensurate Xe/Pt͑111͒ are calculated with quasiharmonic perturbation theory and with self-consistent-phonon theory. Results from the two methods are in good agreement for Ar/Pt͑111͒. Uncertainties in the frequency shifts for the Ar/Pt͑111͒ modes are small compared to present uncertainties in the interaction model and in the experimental data. Anharmonic effects in the commensurate Xe/Pt͑111͒ solid at 80 K are large, both because of the small adatom-adatom force constants in this dilated lattice and because of the large degree of thermal excitation. A version of the improved self-consistent-phonon approximation is used for comparison to experimental data, and it is found that the anharmonic terms cause changes on the scale of adjustments in Xe-Pt forces previously found necessary to achieve fits of the harmonic theory to the data. The contribution of static adsorption-induced dipole moments to the monolayer lattice dynamics is analyzed and is found to be negligible for Xe/Pt͑111͒.
I. INTRODUCTION
While the theory of anharmonic processes in monolayer solid lattices has been formulated for a long time, 1,2 the actual measurement of the phonon dispersion relations for monolayers on single-crystal surfaces is a recent accomplishment. [3] [4] [5] [6] [7] [8] In a few cases, 8 all three branches of the dispersion curve of a monatomic solid with one atom per unit cell have been observed. Remaining doubts [3] [4] [5] [6] [7] [8] [9] about whether to assign observed excitations to the shear horizontal ͑SH͒ or to the longitudinal acoustic ͑LA͒ branches may be reduced by precise comparisons of the observed dispersion relations with those calculated using realistic interaction models. For given interactions, the evaluation of lattice dynamics in the harmonic approximation 10 is now straightforward. However, the experiments include cases of relatively small mass adsorbates and of quite dilated lattices; in such instances, anharmonic frequency shifts and temperaturedependent lifetimes may be appreciable. 11 The two examples 12 treated in this paper, an incommensurate lattice of Ar/Pt͑111͒ with LϷ3.79 Å and the commensurate ͱ3R30°Xe/Pt͑111͒ lattice with Lϭ4.80 Å, show successes and limitations of the methodology, respectively. Inert-gas solids in three dimensions 13 and as monolayers 14 are proving grounds for the theory of dense phases because the interatomic potentials are thought to be nearly equal to those for the isolated pair determined by scattering experiments or by analysis of gas-phase data. In this context, argon solids are intensively studied because the masses are large enough that quantum effects are small while the many-body interactions, with magnitude roughly scaling as the cube of the atomic polarizability, are still small. Both features enhance the accuracy with which the theory can be implemented. The xenon solids are stable over a wider temperature range than the argon solids and have smaller quantum corrections. Although the many-body interaction terms are larger, lattice dynamics in the harmonic approximation is accurate for the three-dimensional ͑3D͒ xenon solid. However, the applicability of these ideas to monolayer solids is in question and is invalid if the most widely observed phonon mode [3] [4] [5] [6] is LA rather than SH. Four different approximations, denoted QHT, QHPT, SCP, and ISCP, are used to evaluate the phonon dispersion relations. Comparison of the approximations provides a way to judge the degree of convergence of the truncated perturbation theory. Quasiharmonic theory ͑QHT͒ gives the harmonic normal mode frequencies for a thermally expanded lattice. In quasiharmonic perturbation theory ͑QHPT͒, anharmonic corrections to the QHT frequencies are evaluated with perturbation theory carried to first order 1 (4) in the quartic and to second order 2 (3) in the cubic anharmonic terms of an expansion of the adlayer potential energy in displacements from the average lattice sites,
Another approach is the self-consistent-phonon ͑SCP͒ approximation, which retains all even-order terms in the displacement expansion. The improved self-consistent-phonon theory ͑ISCP͒ forms final frequencies by adding the cubic anharmonic term of the QHPT to the SCP result,
It is considered to be the most reliable form of the perturbation approach to the anharmonic effects. 2 In these approximations, the phonon lifetimes ͑linewidths in response functions͒ arise from three-phonon processes in second-order perturbation theory.
Initial comparisons of the approximations were made for the Ar/Pt͑111͒ lattice at zero temperature. As discussed in Sec. III, the QHPT and SCP approximations were in such good agreement that the further work is based on the finite-temperature form of the QHPT. However, the application of QHPT to the commensurate Xe/Pt͑111͒ lattice at 80 K shows such large anharmonic terms that the comparisons to the experimental data are based on the ISCP approximation.
The organization of this paper is as follows. Section II contains a description of the components of the calculation. Section III presents the application to Ar/Pt͑111͒ and Sec. IV the application to commensurate Xe/Pt͑111͒. Concluding remarks are given in Sec. V. The contribution of polarizable adatom dipole moments to the elastic constants of a triangular lattice is estimated in the Appendix. Supplementary material has been deposited in the EPAPS archive.
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II. COMPONENTS OF THE CALCULATION
A. Structures and interactions
The triangular Ar/Pt͑111͒ lattice is approximated as a floating unmodulated monolayer solid, and the lattice constant Lϭ3.79 Å is that corresponding to the recent inelastic helium atom scattering ͑HAS͒ measurements 8 at 23 K. The only parameter of the adatom-substrate potential required for the calculations is the frequency 0Ќ of the vibration perpendicular to the monolayer plane at zero wave number, taken from the HAS experiments to be 0Ќ ϭ4.85 meV. The anharmonic effects all arise from the anharmonicity of the adatom-adatom potentials, which are a combination of the HFD-B2 multiparameter pair potential, 17 constructed from 3D data, and the McLachlan substrate-mediated dispersion energy. Full statements of the models and their parameters are given in Appendix A of Ref. 8 .
The ͱ3R30°Xe/Pt͑111͒ lattice, with Lϭ4.80 Å, is greatly dilated from the usual range for xenon lattice constants, 4.4-4.6 Å. The Xe-Xe potential is constructed in analogy to that used for Ar-Ar. Contributions of adsorptioninduced xenon dipole moments are omitted from the calculated dispersion curves as estimates presented in the Appendix show them to be less than 0.1 meV throughout the Brillouin zone. The Barker-Rettner model 18 is used for the Xe-Pt potential. Anharmonicity of the Xe-Pt interaction makes major contributions to the anharmonic shifts of the normal mode frequencies.
B. Estimating anharmonic effects
The data for the Ar/Pt͑111͒ monolayer solid are at low enough temperatures so that effects of thermal expansion in the z coordinate are anticipated to be small. The SCP calculation for Ar/Pt͑111͒ is at zero temperature and follows procedures outlined in Ref. 1 . The effects of finite temperature are estimated at Tϭ23 K using the QHPT formalism; 16, 19 resonant energy denominators in the second-order perturbation terms are treated with the Lorentzian approximation ͓half width at half maximum ͑HWHM͒ Ϸ0.005 meV͔ used by Hall et al. 20 For Ar/Pt͑111͒, the perpendicular motion decouples from the in-plane motion and the calculation of the in-plane modes is done for mathematical 2D.
The phonon data for the ͱ3R30°Xe/Pt͑111͒ lattice are 7 at 80 K, and thermal effects should be included when comparing to data for the incommensurate monolayer solid with LϷ4.33 Å at 50 K ͑Ref. 8͒ and 25 K ͑Ref. 20͒ or to data for the 2D gas near 100 K ͑Refs. 8 and 21͒. Thermally driven changes in the overlayer height cause changes in 0Ќ and in the zone-center gap 0ʈ of the commensurate layer. Thus the finite-temperature forms of the QHPT and SCP approximations are required. The height z QHT that minimizes the quasiharmonic free energy is used as the reference point in the QHPT calculation at the given temperature; it is very close to the height calculated in the SCP approximation, as shown in Table I .
The perturbation theory for the Xe/Pt͑111͒ case is more complex than that for a 3D solid. When thermal expansion of the overlayer height is included, the expansion relative to the harmonic Hamiltonian includes first-order as well as thirdand fourth-order terms in the displacement. The secondorder perturbation correction 2 to the frequency includes the first-derivative terms. The consistency of the procedure is tested by calculating the perturbation shift ␦z in the average height from z QHPT using linear and cubic terms. The contributions are nearly offsetting, and most of the remainder comes from a cubic anharmonic mixing of z and lateral motions that was not included in the calculation of the thermal expansion. Even so, there are no energy-conserving threephonon processes to give a lifetime ͑broadening͒ of the inplane modes. While one might extend the treatment of the quartic ͑four-phonon͒ process to second order in perturbation theory, a more promising route is to use molecular dynamics simulations to estimate the further processes. Comparison of values from quasiharmonic perturbation theory ͑QHPT͒ and self-consistent perturbation ͑SCP͒ theory for commensurate Xe/Pt͑111͒. Overlayer heights z in Å and zonecenter, ⌫-point, frequencies 0 in meV. ʈ and Ќ denote motions parallel and perpendicular to the monolayer plane, respectively. The dispersion ⌬ ʈ is given for in-plane modes from the Brillouin zone ⌫ point to the K point, Qϭ0.873 Å Ϫ1 . The in-plane branches rigorously have either shear horizontal or longitudinal acoustic polarization along this high-symmetry axis. Furthermore, the two branches have equal frequencies at the ⌫ and K points, so that only one entry is needed for each approximation. Also listed are the mean-square amplitudes of vibration, in Å 2 , evaluated by the QHT and SCP approximations. The ISCP entries for frequencies and the SCP entries for mean-square vibration amplitudes are thought to be the ''best estimates'' of those quantities. The temperature-dependent SCP theory is reviewed in Ref. 1 . The SCP frequencies are the solution to a variational harmonic approximation of the Helmholtz free energy in which the force constants are correlated Gaussian averages of the terms used in the QHT approximation. 16 The selfconsistent determination of the vibrations has a more significant influence on the in-plane motions than on the z motions, as shown by the comparison in Table I of mean-square vibrations calculated in the SCP and QHT approximations.
III. INCOMMENSURATE MONOLAYER SOLID:
ArÕPt"111…
The QHT and QHPT results for the Ar/Pt͑111͒ phonon dispersion curve at 23 K and Lϭ3.79 Å are compared to the results 8 of inelastic HAS experiments in Fig. 1 . The previous identification of the experimental phonon branches with the shear horizontal ͑SH͒ and longitudinal acoustic ͑LA͒ monolayer modes was made on the basis of comparing to the results of the harmonic ͑QHT͒ approximation, and that identification is maintained when the anharmonic corrections are included. The slight irregularity in the QHPT results for the LA branch near 1 Å Ϫ1 along the ͓112 ͔ azimuth arises from the second-order cubic anharmonic terms and might well be reduced in a self-consistent calculation.
A detailed comparison of the approximations for several wave vectors is presented in Ref. 16 . At 0 K, the increment (SCP)Ϫ(QHT) agrees with the 1 (4) term in the QHPT frequency to within 3% for both the SH and LA branches at all the wave vectors tested. Hence, the QHPT approximation is used for the comparisons to the experimental data in Fig.  1 . The contributions of 1 (4) and 2 (3) significantly offset each other over most of the wave number range. The net effect in the SH branch, apparently the better-determined case of the Ar/Pt͑111͒ dispersion curves, is smaller than present uncertainties of 0.2-0.3 meV in the experimental data. The corresponding terms for the 3D solid of Ar are significant in tests of interaction models because of the greater accuracy, better than 0.05 meV, in the inelastic neutron scattering measurements of the dispersion relations. 22 The calculations presented in Fig. 1 include the McLachlan adsorption-induced dispersion energy. However, the frequency shifts for Ar/Pt͑111͒ from the McLachlan term are less than 0.25 meV in the LA branch and less than 0.2 meV in the SH branch. Thus, comparisons to the data do not give strong evidence for the presence of this term.
The QHPT linewidths ͑lifetimes͒ follow an anticipated pattern. The SH frequency of QHT is a concave function of the wave number and hence the SH branch is intrinsically stable. Its linewidth arises from scattering by thermally excited phonons rather than from processes involving spontaneous and stimulated emission of phonons. At 23 K the largest width ͑HWHM͒ in the first Brillouin zone is 0.22 meV at Qϭ0.4 Å Ϫ1 along the ⌫ -K azimuth, but for most of the Q range from ⌫ to K and to M, the width is small, ⌬(HWHM)/(SH)Ͻ0.05. For the LA branch, spontaneous three-phonon decay processes are possible and except for wave vectors close to the ⌫ point, the dominant processes involve spontaneous and stimulated modes of decay rather than the scattering from thermally excited phonons. At 23 K the half-widths are mostly in the range ⌬(HWHM)/(LA) Ϸ0.05-0.1.
IV. XeÕPt"111…
In earlier work, 7 the harmonic lattice approximation to the phonon dispersion relations of the ͱ3R30°Xe/Pt͑111͒ lattice was evaluated. The force constants of the Xe-Pt interaction were evaluated at the zero-temperature overlayer distance z 0 (QHT). Surprisingly, the SH and LA branches are nearly degenerate in the QHT approximation for both the ⌫ -M and ⌫ -K azimuths of the xenon Brillouin zone. The frequency differences for given wave vectors are at the level of 0.1 meV and are smaller than the present resolution in the atomic scattering experiments. To fit the HAS data better, it was suggested to adjust the Barker-Rettner potential surface by lowering 0Ќ from 3.6 meV to 3.4 meV and increasing 0ʈ from 1.3 meV to 1.6-1.7 meV. The present work shows that there are rather large anharmonic shifts in the phonon frequencies. At 80 K, the anharmonic shifts lead to differences between the SH and LA frequencies of order 0.5 meV for wave vectors near the boundary of the first Brillouin zone; thus there are observable differences at the current level of experimental resolution. The anharmonic frequency corrections at 80 K are so large that calculation to an accuracy of better than 0.1 meV is still not assured. However, because the Brillouin-zone-center gap is large, 0ʈ Ͼ1 meV, there are no energy-conserving three-phonon decay processes for modes with polarization vectors in the plane of the monolayer, and hence they do not contribute to the phonon lifetime.
A. Commensurate XeÕPt"111…
Results of the QHT and ISCP approximations to the SH and LA branches of the phonon dispersion relation are shown in Fig. 2 for Tϭ80 K. The Barker-Rettner Xe-Pt potential energy surface is used and the McLachlan term is included in the construction of the force constant matrix, although it is not a large contribution. The entries in Table I are less than complete characterizations of the dispersion relations but span the temperature range from 0 K to 80 K and demonstrate that the anharmonic effects increase so rapidly at temperatures above 50 K that the QHT results miss important features of the spectra at 80 K.
The overall trend shown in Fig. 2 is that the anharmonic terms increase the magnitude of the dispersion between the SH and LA branches near the Brillouin-zone boundary. Most of the HAS data are at QϾ0.5 Å Ϫ1 . Even though the present calculations have reduced 0ʈ , the increases near the zone boundary have the effect that the agreement with the experimental data remains satisfactory. There is no evident need for the ad hoc increase of 0ʈ made in Ref. 7 to improve the fit to the data. The comparison of the ISCP results to the experimental data in Fig. 2 suggests that both the LA and SH branches were detected in the HAS experiment, 7 as occurred also in a later experiment 8 on incommensurate monolayers.
The results in Table I from the four approximations ͑QHT, QHPT, SCP, and ISCP͒ can be used to recover the 1 and 2 in Eqs. ͑1.1͒ and ͑1.2͒. As expected, the size of these terms increases rapidly with increasing temperature and there is substantial cancellation between them. The zone-center gap 0ʈ decreases with increasing temperature, both because of the increase of z and because of the increasing anharmonicity. The effects of the anharmonicity are most pronounced in the frequency dispersion, which depends on the relative motion of atoms. Comparison of the mean-square in-plane displacements (␦r ʈ ) 2 calculated with the QHT and SCP approximations suggests, as found by the more detailed comparisons, that 1 (4) is an overestimate of the leading anharmonic shift. As the best estimate for the calculated dispersion curve to compare with the experimental data, we use the ISCP approximation, even though the cubic anharmonic term 2 is not determined self-consistently.
The zone-center gap for in-plane motions of the commensurate lattice decreases with increasing temperature, Table I . At 100 K, very close to the melting temperature of the solid, it is still larger than 1.1 meV; thus there is probably no ''floating solid'' at the commensurate lattice constant 4.80 Å with free translations of the center of mass along the substrate plane.
The values of Ќ at 80 K run 0.1-0.2 meV below those of the QHT theory, so that the reduction in the Xe-Pt force constant resulting from thermal expansion in z accounts for most of the reduction of 0Ќ to 3.4 meV that was suggested 7 to better fit the 80-K data.
B. The S mode of incommensurate XeÕPt"111…
The calculated values of the S-mode frequency Ќ highlight a remarkable feature of the experimental data that has not been emphasized in previous work. The frequency Ќ of incommensurate Xe/Pt͑111͒ (LӍ4.33 Å) is reported to be 20 in the range 3.70-3.35 meV ͑using data at the ⌫ and K points͒ at 25 K and to be 8 about 3.4 meV at 50 K. Further, both in the commensurate ͱ3R30°Xe/Pt͑111͒ lattice 7 and in a dilute 2D gas 8 of Xe on Pt͑111͒ at 105 K the values are Ќ Ӎ3.5 meV. However, the average adatom environments for the 2D gas and the incommensurate layer are generally considered to be quite different from the adsorption at an atop site for the commensurate lattice. At 80 K, the value of 0Ќ calculated 16 for the laterally averaged Xe/Pt͑111͒ potential is 2.20 meV, 1.2 meV smaller than the value for the commensurate Xe lattice. Thus the measured frequencies, for what are believed to be quite different circumstances, are much more similar than simple model calculations would indicate. A reduction in Ќ , driven by a change in the overlayer height, of a few tenths of an meV ͑a few kelvins͒ is anticipated for a temperature increase from 50 K to 100 K. This shift is close to present limits on experimental resolution.
There is another process that should lead to differences between Ќ of the commensurate solid and the 2D gas. In both cases the adsorbate mode is embedded in a continuum of substrate modes, so there may be hybridization with the substrate modes and shifting and damping of the adsorbate resonance. Data for the incommensurate solid have been discussed as an example of this process. 20 The corresponding theory 23 for the 2D gas treats the lifetime but not the frequency shift of the mode.
If the formulation of the hybridization theory of Ref. 24 is used for the monolayer solid, the shift ␦ Ќ varies by about 0.33 meV across the Brillouin zone, while the dispersion from the adatom-adatom interactions is about 0.1 meV. The frequency shift for the single isolated adatom is ill-defined in the elastic substrate theory of Ref. 23 . If the wave number at the 2D substrate surface Brillouin zone is taken as a cutoff in the theory, the shift from the unperturbed frequency is Ϫ0.4 meV. These estimated shifts are all near the current level of experimental resolution for measuring Ќ . However, the difference from the frequency calculated for the lateral average of the holding potential is so large that the conclusion appears to be that the experimental data for Ќ show that most of the xenon is at atop sites. This is a very different picture than the floating solid picture used to model the incommensurate solid and the low-density gas nearly free of lateral forces used to model the quasielastic helium atom scattering 21 of the 2D gas at 105 K.
V. CONCLUDING REMARKS
The agreement between the various approximations for the lattice dynamics of the Ar/Pt͑111͒ monolayer leads to the conclusion that one can reliably evaluate the dispersion curve to a precision of 0.1 meV. In spite of the light mass, the net effect of the anharmonic terms is rather small, although they lead to lifetimes ͑linewidths͒ that may be resolved in future experiments.
On the other hand, the dilated lattice of the ͱ3R30°Xe/ Pt͑111͒ monolayer has rather small force constants for relative displacements of the adatoms and large anharmonic effects at 80 K, the temperature of recent measurements. 7 The anharmonic terms increase the frequency of the SH mode over most of the Brillouin-zone, generally by 10% to 20%. The percentage increases are much larger for the LA mode and raise the prospect that the perturbation theory is inadequate for an accurate calculation of the frequency. It appears that there is a difference of order 0.5 meV between the SH and LA branches near the Brillouin zone boundary. Comparing to the data suggests that both branches were detected in the experiment.
In a previous analysis of the HAS data for commensurate xenon, 7 it was suggested that the value of 0Ќ be reduced from the 3.60 meV of the Barker-Rettner model ͑0 K͒ to 3.40 meV to better fit the data. As discussed in Sec. IV A, there are temperature-dependent anharmonic frequency decreases of order 0.2 meV caused by thermal expansion and it is no longer evident that the adjustment is necessary. If Ќ in the incommensurate layer were determined by a lateral average of the Xe-Pt potential, there would be much larger frequency differences between the commensurate and incommensurate solid, but the measured values of Ќ are actually quite similar. The similarity is not understood at present.
Our calculation gives further evidence that the BarkerRettner model is the best available potential surface for Xe/ Pt͑111͒, but, besides the question just discussed of the similarity of Ќ in different surface phases, there are two unresolved challenges to it arising from the fact that it is a quite corrugated surface. First, the corrugation is large enough that the nature of the ground-state structure of monolayer xenon in this potential is not evident. Our exploratory calculations indicate that the structure of lowest energy is a strongly modulated incommensurate solid. Second, a quasielastic scattering experiment 21 to measure in-plane mobility of dilute gaseous xenon found no detectable effect of the corrugation, although a simulation indicated there should have been one for motion on this surface.
Both the reliable calculation of frequencies in the xenon solid at 80 K and near its melting temperature and the phonon lifetime are questions that might be addressed with a molecular dynamics evaluation of the spectrum of lattice vibrations. Two features enhance the prospects for such an application: Temperatures of 70 to 100 K are high enough that the classical mechanics approximation should be accurate and the Xe-Pt potential energy surface of Barker and Rettner has had enough successful tests to warrant the investment of effort that would be required.
ACKNOWLEDGMENT
This work has been partially supported by Grant No. NSF-DMR9807410.
APPENDIX: DYNAMICS OF A LATTICE OF POLARIZABLE DIPOLES
The commensurate Xe/Pt͑111͒ lattice is so dilated relative to the spacings in 3D solid xenon that one must reconsider contributions to the adatom-adatom forces that are usually thought to be negligibly small. One such process is the repulsive interactions between the adsorption-induced xenon electrostatic dipole moments. The presence of the moments is shown by changes in the work function of the metal. However, the interpretation of the work-function changes is complex because there are large depolarizing fields on an adatom from the moments on the other adatoms and the screening charges of the metal also make large contributions to the effective interactions of the adatom dipoles. 25 For Xe/ Pt͑111͒, the available information consists of the reported 0.65-eV change in the work function by the monolayer 26 and the 3.4-Å distance of Xe to the nearest surface Pt atom. 27 While the calculation of the depolarizing and screening fields is straightforward for a uniform adatom lattice, experiments do not give very strong support to the modeling. 28 Nonetheless, in this Appendix we estimate the contribution of the adsorption dipoles to the dispersion curves by evaluating the contributions to the monolayer elastic constants with such a model. The result is that the terms contribute approximately 0.1 meV to the frequencies near the Brillouin-zone boundary and are much smaller through most of the Brillouin zone. Thus they are on the order of, or less than, the present experimental accuracy and do not affect the conclusions reached in the text. This analysis has a basic significance because the depolarizing fields amount to many-body forces and the elastic constant contributions do not follow the Cauchy conditions for a triangular lattice.
The electric field at site i from a dipole p ជ j at site j is
The self-consistency equation determining the dipole moment at site i is
where ␣ is the polarizability of the adatom, the prime on the site index denotes the electrostatic image ͑equivalent to the substrate screening charges͒ of the dipole at that site, and p ជ 0 Ј is the dipole moment of an isolated adatom without the selfimage contribution. That is, the dipole moment ͑perpendicu-lar to the substrate͒ on the adatom at very low coverage is
using the distance l from the adatom to the effective electrodynamic surface of the substrate. Solving the selfconsistency equation and calculating the energy to assemble a monolayer lattice of dipoles leads to the Topping formula. 25 Here the substrate screening charges increase both the interaction energy and the effective polarizability of the adatom.
For a monolayer configuration with a general set of inplane displacements from the triangular lattice, the selfconsistency equation Eq. ͑A2͒ leads to components of dipole moment parallel as well as perpendicular to the surface. However, in the approximation that the lateral distances to the dipole moments are large compared to the perpendicular distance 2l to the plane of the image dipoles, the parallel component is zero. We assume this to be valid for the Xe/ Pt͑111͒ monolayer and then find that the self-consistency equation is a scalar equation for the z component of the dipoles:
The elastic constants are determined as the coefficients of second-order terms in the expansion of the assembly energy in powers of the Lagrangian strain tensor. 29 Define the dipole moment at monolayer coverage to be p f , the area per adatom in the triangular lattice to be a c ϭL The work-function change 26 of 0.65 eV corresponds to a dipole moment p f ϭ0.32 D in the lattice with Lϭ4.8 Å. The xenon polarizability is ␣ϭ4.0 Å 3 and the distance l ϭ2.0 Å. Then f ϭ1.50 and at qϭ1.0 Å Ϫ1 , the added piece in the squared frequency is 0.26 meV 2 for the LA branch, or an increase of less than 0.1 meV in ͑LA͒ at qϭ1.0 Å Ϫ1 . In the SH branch the effect is about 3 times smaller. With these parameters the dipole contribution to C 12 is negative, an unusual circumstance but one that does not appear to violate any general requirements on the elastic constants of a triangular lattice.
